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Theory of Block Copolymer Micelles in Solution

Jaan Noolandi* and Kin Ming Hong

Xerox Research Centre of Canada, 2480 Dunwin Drive,
Mississauga, Ontario, Canada L5L 1J9. Received December 13, 1982

ABSTRACT: A simple model of AB diblock copolymer micelles in solution is presented. A spherical shape
is assumed, with a completely uniform inner core formed from the insoluble B blocks and a uniform outer
shell composed of the soluble A blocks. The interaction parameters, as well as the molecular weight, composition,
and overall volume fraction of the copolymers, are assumed to be given. All energetic and entropic contributions
to the free energy can be written down simply, with the exception of the interfacial tension v of the asymmetric
interphase. An approximation for vy is developed, and the free energy is minimized to obtain the equilibrium
size of the micelle. Good agreement with the small-angle X-ray scattering data on the polystyrene/poly-
butadiene/n-heptane system is obtained. Numerical results, as well as scaling arguments, indicate that the
size of the micelle, even for different block copolymer compositions, is characterized by power law functions

of the total molecular weight of the block copolymer.

1. Introduction

Although there is a vast experimental literature on di-
block copolymer micelles in selective solvents (ref 1-5 and
numerous references contained therein), little theoretical
work has been done to predict their structural properties
from equilibrium statistical mechanics. In particular, given
the overall volume fraction of block copolymer in solution,
as well as its molecular weight and chemical composition,
one would like to know the sizes of the insoluble core and
the soluble outer shell, the degrees of swelling of the two
blocks, and the number of polymer chains per micelle.
These predictions can then be checked against the results
of small-angle X-ray scattering experiments.

In this paper, we present a simple model from which
these quantities can be calculated in a straightforward way.
We note, however, that we consider only lyophilic systems.
Although micellar solutions obtained with amphiphilic
block copolymers in the presence of water, oil, and alcohol
have been intensively studied recently,’'° the corre-
sponding theoretical treatment involves more parameters
and will not be discussed here. For the present work, the
only complication that arises is the determination of the
interfacial tension between the soluble and insoluble blocks
of the micelle. We deal with this problem by referring to
a general (mean field) expression for the interfacial tension
v of an asymmetric interphase derived earlier!! using the
functional integral formalism. For the present situation,
we develop an approximation for vy that involves only x
parameters and the (bulk) volume fractions of polymers
away from the interphase. The derivation is given in the
Appendix.

In section 2, we describe the micelle model in detail. The
contributions to the free energy come from polymer—

polymer and polymer—-solvent interactions, the combina-
torial entropy of the solvent molecules, the entropy loss
from localization of block copolymer joints at the inter-
phase, the entropy loss from the stretching of the blocks,
and the loss of entropy from the turning back of polymers
at the interphase. We assume uniform polymer density
profiles in both the soluble and insoluble parts of the
micelle, and consequently no integrals over the free energy
density remain in the final expressions.

The comparison of experiment and theory is discussed
in section 3, with the results summarized in Table I. For
definiteness, we have chosen a particular set of experiments
carried out by Plestil and Baldrian.? Section 4 contains
the conclusions, with emphasis on the theoretically pre-
dicted power law dependencies of the micelle size param-
eters on molecular weight. Similar results for the power
laws only have been obtained earlier by de Gennes,!? whose
work, however, does not allow a prediction of the various
size parameters.

2. Description of Micelle Model

As described in one of our earlier publications,!® we
assume a spherical model for the micelle, shown in Figure
1, that is made up of three uniform regions. In the pres-
ence of a poor solvent for the B block of the copolymer,
the center core, labeled as region 1, is composed of a
concentrated solution of B chains. The outer shell (region
2) is formed from a less concentrated solution of A blocks
of the copolymer. Hence, the solvent—polymer interaction
parameter for the A block (xag) is assumed to be much
smaller than that for the B block (xgg). The outside of
the micelle, region 3, is composed of pure solvent. The
radius g, and the thickness of the shell, [, are the average

0024-9297/83/2216-1443$01.50/0 © 1983 American Chemical Society
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a

Figure 1. Cross section of spherical micelle composed of AB
diblock copolymers, showing uniform core formed from the B
blocks and uniform outer shell formed from the A blocks. The
narrow asymmetric interphase between regions 1 and 2 is not
shown. The upper panel shows the results of the calculations for
the volume fractions of the components in the three regions for
the polystyrene/polybutadiene/n-heptane system, with the in-
teraction parameters given in section 3.

end-to-end distances of the B and A blocks, respectively,
and are determined by minimization of the total free en-
ergy. The radius of the unit cell, which encloses the entire
micelle, as well as some pure solvent, is denoted by R and
is determined by the same procedure.

The central core and the outer shell of the micelle are
separated by a narrow interphase region, whose width is
discussed later. The overall volume fraction of the co-
polymer is ¢°, and in the present case since we have only
a two-component system, the overall volume fraction of
solvent is ¢g® = 1 — ¢c®. These quantities are determined
by the experimental conditions. Other quantities to be
determined by the calculation are the fractions of solvent
(by volume) in regions 1, 2, and 3, denoted by F;3, F,5, and
F33, respectively, and the fractions of the total volume of
the three regions, denoted by G%, G5, and G4". The de-
grees of polymerization of the copolymer blocks are given
by Z, and Zg, with Zo = Z, + Zg. The reduced molecular
volumes with respect to the solvent are ry = Z,pgg/ 004 and
rg = Zppos/poss With rc = ry + rp, fo = ra/rc, and fg =
rg/rc, where pg, is the molar density of the pure component
K.

Since the volume fractions of the different components
must sum to unity for each of the three regions, we have
the relations:

1 = felec®/GY) + (F5/G) e’
1= fA(‘PCO/GzU) + (Fzs/sz)RDsO (2-1)
1= (F%/G)es

In addition, the G;”’s sum to unity and are given in terms
of the length parameters as

Gy’ = (lg/R)?

Ia+ 15 \° g \°
() G e
I, + g \°

G3U=1—(AR B)
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Clearly, if the lengths are known, the G’s and F’s can
be determined from eq 2-1 and 2-2.

At this point, we are ready to consider the form of the
free energy per unit volume of the micelle, which we write
relative to the corresponding free energy of the homoge-
neous random state:

Gmicelle - Grandom
= 2-

S T VT %9
where V is the volume and pug is the reference density. For
the block copolymer concentrations we will be dealing with,
this quantity will be negative and we will not be concerned
with the much smaller value of the critical micelle volume
fraction.’® Instead we will minimize Ag with respect to
variations in the length parameters [,, [z, and R for given
block copolymer molecular weight, composition, and over-
all concentration. Now the polymer interaction energy
contribution to Ag (exclusive of the interfacial tension,
which we discuss later) is given by recalling that the vol-
ume fraction of block A in region 2 is ¢4 = f4(ec/G5*) while
that of the solvent is F,3(¢s?/Gy), with similar expressions
for region 1.

Aginy = —XanfafB(ec®)? + xasfaecles'FoS /Gy -
xasfaec’es® + xnsfaec’es’F13/Gi¥ = xpsfaecles® (2-4)

Note that the AB polymer interaction term for the or-
dered state vanishes in this expression, since we include
the interfacial tension term separately, and one (1/G)
factor is missing from each of the two positive terms be-
cause we are calculating the free energy per unit volume.

The contribution to Ag from the combinatorial entropy
of the solvent molecules involves terms like (¢s"F;%/G")
In (¢s°F;%/G,"), and the total contribution per unit volume
with respect to the homogeneous state becomes

Ags = ¢¥F,S In (F,8/Gy%) + FS In (FyS/Gy") +
F8 1In (F55/Gy)} (2-5)

As in our earlier paper,'® we lump the decrease in en-
tropy of the block copolymers from that of the random
state into three terms, the first arising from the localization
of joints:

g5 = —(ec®/rc) In (31p%d;/R®) (2-6)

where dj is the width of the interphase. Another contri-
bution, the so-called “elastic energy”, accounts for the
decrease in entropy arising from a stretching or com-
pression of the copolymer chains along the radial direction
and is given by the Flory expression!

1 2 2
8a = (sOC(’/’c)é(CYA2 +optt+—+— - 6) (2-7)

oy ap
where

3 1/2 lA 3 1/2 ZB
Oy = (Z_A) b—A ap = Z_B b_B (2'8)

and b, and bg are the Kuhn lengths for the copolymer.

The last of the three terms is the interfacial tension, gj,
which is partly due to the interaction of the A and B blocks
but also includes the change in the copolymer entropy
arising from the turning back of the A and B chains at the
interphase and confinement in their respective regions.
Although there are actually two interphases in the micelle,
between regions 1 and 2 and between regions 2 and 3 we
neglect the second one because the outer block is soluble
and we write

g1 = (Y12/posksT) (3152 /R?) (2-9)
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Figure 2. Linear density profile approximation used to obtain
eq 2-10 and 2-11 for interfacial tension and width of an asymmetric
interphase.

where pgg is the reference density. In order to proceed at
this point in the spirit of the rest of the calculation, we
need a simple but reasonably accurate approximation for
v. This is developed in the Appendix, using the linear
density profiles shown in Figure 2.

The expression for v, is finally given by

Y12/ PoskeT = [Ys(ea + ¢B)Af15]"?

and the width of the interphase between regions 1 and 2
is given by

(2-10)

dy = [(es + ¢p)/124f5]"2 (2-11)

In the above expression, ¢4 = fa(ec’/Gy?) is the volume
fraction of polymer A in region 2, ¢p = fg(ec®/G1®) is the
volume fraction of polymer B in region 1, and as explained
in the Appendix

B = /(%é , —“;—B) = 2lfea) + fO,09] (212

where

fleaeB) = xapoavr t xaseavs + XpseBes + @5 hz es :
2-13

and ¢y + ¢ + ¢g = 1. The agreement of these simple
expressions with more detailed numerical calculations is
remarkably good, as shown in Figure 3. In deriving these
results, we have assumed that the molecular weights of the
two homopolymers are infinite. This is a good approxi-
mation since it is known that the interfacial tension is
insensitive to the degree of polymerization at the large
values corresponding to micelle formation.!?
The sum of all the contributions to Ag is then

A8 = Dginy + Ags gyt a1t ga

and in the present case is a function of the three length
parameters l, Iy, and R. Unfortunately, in spite of all the
simplifications, this function still must be minimized with
respect to the parameters by a numerical method. The
results are discussed in the next section, where comparison
with experimental data is made for some specific cases.

(2-14)

3. Comparison with Experimental Results

In this section, we compare the predictions of our theory
to the small-angle X-ray scattering data of Plestil and
Baldrian? on styrene/butadiene block copolymer micelles
in n-heptane. For these experiments, the number-average
molecular weight of the copolymer was M, = 64 700, with
24% polystyrene content by weight, giving Z,(PBD) = 911
and Zg(PS) = 149. The monomer densities of the pure
materials at room temperature, in mol cm™ are pgy =
0.0176,'¢ pog = 0.0103," and pog = 0.00684.2 The overall
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Figure 3. Solid lines show calculated interfacial tension v (in
reduced units) and interfacial width d (in units of the Kuhn length
b) as a function of total solvent volume fraction, obtained from
the approximate formulas, eq 2-10 and 2-11. The interaction
parameters are x g = 0.35, xgs = 0.5, and x5 = 0.005. The broken
line shows the results of d obtained from a numerical solution
of the modified diffusion equation.’® The corresponding values
of v are indistinguishable from the solid line.

volume fraction of copolymer, ¢c?, varied from 0.005 to 0.4
and both the experimental and theoretical results were
insensitive to changes in ¢c° in this range. The Kuhn
lengths of the polybutadiene and polystyrene are b, = 6.8
A and bg = 7.1 A, respectively.’® The determination of the
x parameters is less certain, but recent experiments give!®

Xas = -0.169 + 123/T (3-1)

and the interaction parameter for polystyrene/n-heptane
has been estimated to be'®

Xxps = -1.12 + 901 /T (3-2)

The temperature dependence of the polybutadiene/n-
heptane x parameter apparently is not available in the
literature, so we treat x,g as a temperature-independent
constant determined from the calculation. A fit to the
Plestil and Baldrian data?® gives x5 = 0.53, which is rea-
sonable since it is close to the values for polyisoprene/n-
heptane, which range from 0.49 to 0.51.%° The results of
the calculation are shown in Table I. Some of the quan-
tities of interest are Rp, the radius of gyration of the
polystyrene core

Rg? = ¥y’ (3-3)
and Ry, the radius of gyration of the whole micelle?

3 aArA(lM5 - lBE’)/(lNI3 - lB3) + aBrBl32

5 aasra + apry

Ry (3-4)
where rp = (0ogZp)/pop, Im = l4 + Ip, and a4 and ag rep-
resent the “excess” electrons of the polybutadiene and
polystyrene, respectively. The number of polymer chains
per micelle, Ny, is given by

47
= Ps 027 3 i
Ny rC<Pc 3R (3-5)

From Table I, it is evident that the agreement between
theory and experiment is very good, except for the calcu-
lated values of Ny, which do not decrease as fast as the
experimental values. The reason for this may be our
neglect of the temperature dependence of x,s. However,
we felt it was not particularly illuminating to introduce
yvet another parameter into the model. Clearly, the size
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Table I
Comparison of Experimental® and Theoretical Results for Parameters Characterizing
Polystyrene/Polybutadiene Micelles in n-Heptane ®

18°C 25°C 35°C 50°C

exptl theor exptl theor exptl theor exptl theor
ap 0.1127 0.1145 0.1173 0.1218
ag 0.1878 0.1879 0.1876 0.1892
Rp, A 86 81 82 77 79 71 77
Ry, A 202 202 199 195 197 182 193
Num 190 187 175 137 168 100 152
oa! 5.06 6.80 5.35 6.87 6.16 6.96 8.40 7.12
¢B " 1.27 1.07 1.19 1.08 1.25 1.09 1.29 1.11
N 1.66 1.64 1.61 1.57
op 2.09 2.07 2.03 1.98
dp, A 7.4 8.2 8.9

@ Reference 2. P A refers to polybutadiene (PBD) and B to polystyrene (PS). ap (P = A, B) refers to the number of
“excess” electrons of the P block of the copolymer. Ry and Ry are the radii of gyration of the PS core and the whole
micelle, respectively, in angstroms. Ny is the number of polymer chains per micelle, and pp™! is the degree of swelling of
the P block of the copolymer. «op is the stretching ratio of block P of the copolymer as defined in the text. dj is the width
of the interphase between the soluble and insoluble parts of the micelle in angstroms.

103: T LI S
F -——-ﬁM/b
"—25/ b

102}

Lg/b, Ly

10" E

i [ | i i e

102 103 104
Zc
Figure 4. Radius of micelle (/) and central core (Ig) as a function
of total copolymer molecular weight for varying copolymer com-
© positions, f = Z5/Zc. The exponent for the micelle radius is 0.68
and for the core is 0.64. In these plots the x parameters for the
polystyrene/polybutadiene/n-heptane system were used (section
3). In addition, we have put by = bg = b, and p,, = p, for all
components.

of the micelle as the temperature is raised is primarily
determined by two conflicting trends. The decrease of xag
will lead to less segregation of the chains and favors
shrinkage. However, the decrease of xgg and in particular,
Xas> lead to an expansion of the micelle due to additional
swelling, especially the outer shell, as the quality of the
solvent improves. The fact that we obtain the overall
trends correctly from this simple model is encouraging.

Several other points are worth mentioning. First, the
interphase between regions 1 and 2 turns out to be narrow
(in the range of 7-9 A) as expected. However, because the
A block is soluble, the outer shell does not have a narrow
interphase between the polymer and the solvent. This
points to an obvious way to improve the model, which is
to remove the constant-density profile constraint in the
outer shell (as well as the core) and to do a fully self-
consistent calculation. However, we believe this is not
justified at the present stage, and we maintain the uni-
form-shell model.

Second, plots of the calculated overall size of the micelle
(Im/b) as well as of the central core (lg/b) as a function
of the total block copolymer molecular weight (Zc) show
a power law dependence even for different copolymer
compositions, as indicated in Figure 4. The degree of

104 E

10°

Ny 7By )

10?

- m

101 " e ol — —
102 108 104

Zc

Figure 5. Degree of association or number of polymer chains
per micelle as a function of total copolymer molecular weight for
varying copolymer compositions, fa = Z,/Zc. The exponent in
this case is close to 0.9. The other parameters are the same as
for Figure 4. :

association, or number of polymer chains per micelle (INyy),
also shows a power law dependence on Z, as seen in Figure
5.

The scaling arguments for obtaining these power laws
are very simple. Retaining only the main contributions
to the free energy, we have

v 3l e’l
A kT B T Zg 2% 36
where ap? is given by eq 2-8. Since the swelling ratios ¢,
and ¢! do not change with block copolymer molecular
weight, we also have [, « [, and for this reason, we have
not explicitly included the a,? term in eq 3-6. (Actually
¢a”! changes by a factor of 2 when the molecular weight
changes by 2 decades, but we ignore this effect.) Now
conservation of the volume occupied by the polymer re-
quires

fB¢CO(4/3)71'R3 = @(4/3)ﬂ'l33 (3-7)

so that R scales with molecular weight in the same way as
lg. Using this relation, we rewrite eq 3-6 to give

Y 3fec” 1 3w
poksT o8 I 2 foZ2? "

Ag = (3-8

and minimizing this expression with respect to lg gives
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N
poksT

The swelling ratio of the B blocks in the core of the
micelle turns out to be almost unity; i.e., g ~ 1. Ac-
cording to this result, the size of the core and the overall
size of the micelle scale as Z¢%3, in close agreement with
the results obtained from the more detailed calculations
shown in Figure 4. The number of chains per micelle is
obtained from eq 3-5:

(3-9)

lg? = ‘%Bfrfzczbz

o(4/3)wig?
M Po fBZC

v
= %ﬂ'fBZCbz__

kT (3-10)

and the numerical results (Figure 5) are again in good
agreement with the scaling prediction. To summarize
these results, for a constant copolymer volume fraction,
increasing Z. increases Ny « Zg, which means there are
fewer micelles of larger size, [ = Z%3, in unit cells of larger
volume, R « Z%/3,

To our knowledge, the scaling results were first obtained
by Inoue et al.,?! using the free energy per unit volume,
although a slight oversight led to the wrong exponent.
Later the correct exponents were calculated by de Gennes!?
on a free energy per chain basis.

4. Conclusions

We have presented a simple model of diblock copolymer
micelles in a solvent that is good for one of the blocks and
poor for the other. The assumption of uniform-density
profiles for both the core of the micelle and the outer shell
makes it possible to write down the free energy with re-
spect to the homogeneous state in an elementary way. An
approximation for the interfacial tension y of an asym-
metric interphase (assuming infinite molecular weight) had
to be developed, however, by using the balance between
the energy of interaction at the interphase and the con-
formational entropy in order to determine the equilibrium
density profiles. The approximate expression for v agrees
very well with the more detailed calculations based on the
numerical solution of the mean field diffusion equations
for the polymer distribution functions. The agreement
between theory and experiment is remarkably good for the
polystyrene/polybutadiene/n-heptane system studied by
Plestil and Baldrian,? to the extent of correctly predicting
the changes with temperature of the radii of gyration, the
degrees of swelling of the two blocks, and the degree of
association of the micelle. The theoretical model is gen-
erally expected to be useful for interpreting small-angle
X-ray scattering experiments on diblock copolymer mi-
celles in solution. In particular, the predicted power law
dependencies of the micelle size parameters on copolymer
molecular weight are worth investigating experimentally.
With regard to this point, it is probably important to ob-
tain more accurate measurements of the radius of gyration
of the core, Rg, rather than Ry, the radius of gyration of
the whole micelle, since Ry is directly proportional to lg
and does not depend on the excess electron parameters a,
and ag that appear in the expression for Ry. Finally, it
would be interesting to experimentally subject the micelles
to a rapid change in temperature and to measure the re-
laxation time to the equilibrium size as a function of
molecular weight. The observations could be compared
to the dynamic response predicted by reptation theory.?>%
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Appendix

In this Appendix, we derive expressions for the inter-
facial tension and interfacial thickness for two homo-
polymers A and B of infinite molecular weight in the
presence of an asymmetric solvent S. From ref 11, neg-
lecting nonlocal effects, the interfacial tension v is given
by

v/ocksT = [ dz [6(2) ~ Terwup@] (A1)

where p, is some reference density, x is the distance from
the interface, Af(x) is the inhomogenecus free energy
density (which vanishes in the bulk), ¢p(x) is the local
volume fraction of polymer P, and wp(x) is the mean field
acting on polymer P. Note that the index P refers only
to polymers A and B. The inhomogeneous free energy
density is given explicitly by

Af(x) = flealx),ep(x)] - Ze 0, (A-2)
where u, is the chemical potential and « now runs over all

components A, B, and S. In terms of x parameters, we
have ’

f(‘waAvsoB) = V?Z/Xxx"ﬁx‘px’ + s In s (A'3)

and of course
es =1-(ps+ ¢p) (A-4)

The effective potential wp(x) is related to the polymer

density ¢p(x) via the equations!>?
ep(x) = [gp(x)]? (A-5)
b2gp”(x) — wp(x)gp(x) = 0 (A-6)

which have the above simple form only for polymers of
infinite molecular weight. Here, for simplicity, we have
taken the reduced Kuhn lengths of the polymers to be the
same; i.e., by = bg = b. In addition, the relevant boundary
conditions are g4(—=) = ¢g(=) = 0.

Eliminating wp in terms of ¢p in eq A-1, we obtain

b Lo (0]
v/poksT = f dx [Af(x) + 5@%] (A-T)

and it is this expression that we now approximate in order
to obtain a simple, manageable result for the interfacial
tension. Since the integrand vanishes except near the
interface (x ~ 0), we put

SOK(O) =~ 1/2[¢x(m) + %(‘“’)] (A’S)
, oal®) @y
¢a'(0) ~ 4 - d (A-9)
, ep(-=) @’
eg’(0) ~ - d = ——d- (A-10)

where d is the interfacial thickness, at present undeter-
mined. Substituting these approximations in eq A-7, we
get

b2
— op? (A-11)

v/ 0oksT =~ dAf(0) + 1242



1448 Macromolecules 1983, 16, 1448-1456

and minimizing v with respect to d, we obtain the actual
width of the interface:

di/b= [ZP:@b/IZAf(O)]l/Z (A-12)

and

‘Y/pokaT = bgtppb/GdI (A-13)

For our applications in this paper, it is convenient to
express the chemical potential in terms of the asymptotic
volume fractions ¢p®. By noting that for a homogeneous
system

f = Z‘pxux (A'14)

we see from eq A-2 and A-8 that
Af(0) = fle=o = Volflezw + flee-)

b b
1
=1 5.5 ) - 30 + 0]
(A-15)

The results obtained by using eq A-12, A-13, and A-15
agree very well with the more elaborate calculations of our
earlier work,'® as shown in Figure 3. Furthermore, for the
case of a nonselective solvent (xsg = xgs), We have

e’ =’ =1~ (A-16)

and hence eq A-12 and A-13 reduce to
di/b = (2/3xap) /A1 - ¢g) 1/ (A-17)
v/pobksT = (xap/6)/*(1 - ¢g)*2  (A-18)

These results have been derived and used earlier.152*

Registry No. Styrene/butadiene copolymer, 9003-55-8.
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ABSTRACT: The technique of excimer fluorescence has been used to study the effect of molecular weight
on the kinetics of phase separation in polystyrene (PS)/poly(vinyl methyl ether) (PVME) blends. From the
fluorescence results, which have been analyzed by assuming that demixing occurs by spinodal decomposition,
the growth rate of the dominant concentration fluctuation has been determined for 10% and 50% PS blends
with PS molecular weights of 100000 and 1800000. At both compositions, the unstable growth rate was found
to decrease with increasing PS molecular weight. The observed effect was weaker than expected, presumably

due to the polydispersity of the PVME.

Introduction

de Gennes! and Pincus? have used scaling techniques
recently to extend Cahn’s theory of spinodal decomposi-
tion® to polymer blends in the melt. Specifically, their
analyses were developed for the case in which both com-
ponents have the same molecular weight and are above the
critical entanglement length. They found two important
changes must be made in the theory. First, the dominant
term resulting from concentration gradients in the free
energy expression is entropic rather than enthalpic.
Second, the Onsager coefficient is a function of wave-

number for a given Fourier component of composition
because the frictional coefficient describing chain motion
in an entangled network depends on the distance scale over
which diffusion takes place,

Pincus has shown that the growth rate of the concen-
tration fluctuation which controls the kinetics during the
early stages of decomposition is proportional to the melt
reptation diffusion coefficient.? Thus, provided the
thermodynamic driving force for phase separation is kept
relatively constant, the kinetics of the early stages of the
process should depend strongly on molecular weight. The
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